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Abstract
Purpose To propose a dynamic model designed to investigate the underlying principles of regulatory science and assess the 
effectiveness of pharmaceutical GMP regulation.
Methods A dynamic model for the state of compliance of a pharmaceutical manufacturing firm is constructed by using a 
generalized Ornstein-Uhlenbeck equation. The model is based on quantitative characterization of principles of proportion-
ality, transparency and consistency, and regulatory effectiveness as measured by efficiency, cost and quality. The dynamic 
model is solved by numerical simulation.
Results The dynamic model is capable of characterizing a wide range of compliance behaviors and regulatory actions, includ-
ing the regression and heightening of compliance vigilance, and the scheduling of frequency and concurrency of regulatory 
actions. Quantitative relationships are established between the principles of proportionality, transparency and consistency, 
and the basic measures of regulatory effectiveness in terms of efficiency, cost and quality.
Conclusions The compliance behaviors and the regulatory actions can be quantitatively characterized by a dynamic model, 
and this in turn suggests that proportionality, transparency and consistency can serve as fundamental concepts, and efficiency, 
cost and quality can serve as basic measures for regulatory science.
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Introduction

Pharmaceutical manufacturing is required to follow the 
Good Manufacturing Practice (GMP) regulation by the Food 
and Drug Administration (FDA) in the United States [1]. 
Manufacturing firms not in compliance with the GMP regu-
lation run the risk of making ineffective or unsafe products, 
and can face regulatory actions. The firms are cost sensitive, 
but also risk averse to avoid harming patients and punitive 
regulatory actions [2]. This leads to a compliance dynam-
ics characterized by the interplay of two driving forces for 
controlling cost, and product and regulatory risks.

Pharmaceutical regulation, as a government interference 
with free commerce to protect public health, increases the 
cost of doing business. Regulation must also promote pub-
lic health, by helping to maintain a vibrant pharmaceutical 
industry to ensure the steady supply of innovative and qual-
ity products. An effective regulation is a balance between 
requiring and inspiring firms to comply with regulations [3].

Regulatory science, according to the US FDA, is the sci-
ence of developing new tools, standards, and approaches 
to assess the safety, efficacy and performance of products 
[4]. Studying regulatory science is to make regulation more 
effective. However, not every scientific approach to improve 
regulatory effectiveness is for regulatory science. In fact, 
most of the regulatory science approaches to date are appli-
cations of medical science, decision science, pharmaceutical 
science, life science or manufacturing science [5].

For regulatory science to become an independent scien-
tific discipline [6], its fundamental concepts and principles 
and their relationships need to be studied. For regulatory 
science to have impact to safeguarding drug quality and pre-
venting drug shortage, the relationships should be character-
ized in a way that is both academically rigorous and having 
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programmatic implications. For example, can regulatory sci-
ence help to address questions like: what is the current state 
of manufacturing quality of the industry, is it improving or 
worsening, and how to improve [7]?

The objective of the present work is to explore the under-
lying principles of regulatory science by identifying its 
fundamental concepts and their relationships. The relation-
ship is to be quantitatively characterized to allow evalua-
tion of regulatory effectiveness by addressing the following 
questions. How to define, measure and improve regulatory 
effectiveness? How to define the state of manufacturing 
quality for individual firms and for industry, and how the 
states evolve over time? The present work focuses on the 
FDA GMP compliance regulations, but its methodology and 
results are applicable to GMP regulations in other countries.

Understanding of Regulation

The objective here is to establish a dynamic model that cap-
tures typical government regulatory actions and industry com-
pliance behaviors, and allows quantitative characterization of 
regulatory effectiveness. The model is to rely on the funda-
mental concepts and principles of regulation. First, to prepare 
for introduction of mathematical modeling, a high-level nar-
rative of regulation and compliance is presented as follows.

Regulation and Law

For the rule of law (including regulation) to work, justice 
must be done and must be seen done [8]. The punishment 
for violation of law must be consistent, and fit the crime. In 
other words, proportionality, transparency and consistency 
are fundamental principles for the rule of law [9].

GMP are regulations contained in 21 CFR 210 and 211 
[1], an extension of law, and with which all pharmaceutical 
firms must comply. Firms found in significant violation of 
GMP must be punished, and the punishment must fit the 
violation [10]. To assess the fitness, the regulation must be 
specific and clear, and punishments must be made accord-
ingly and consistently, and open to the public. From this 
perspective, proportionality, transparency and consistency 
are also fundamental principles of regulation.

The FDA’s GMP regulation program has two major 
components. One is the written regulation itself, along with 
related guidances and policies, which are a rich set of dos 
and don’ts along with rationales [11]. Another is the enforce-
ment that includes site inspections and regulatory actions for 
GMP violation [12]. The first component lets firms know 
what regulatory risk is associated with violation. The second 
component turns risk into reality by imposing punishment.

Regulation and Compliance

A firm wants to minimize cost, but does not want to jeopardize 
product quality and safety. The FDA assures product quality 
by requiring the firm to comply with GMP. Meeting the GMP 
requirement incurs additional manufacturing cost. Failing to 
do so will subject the firm to regulatory actions that may dis-
rupt its business. As a result, a firm’s GMP compliance is a 
compromise between the desire to cut cost and the desire to 
reduce regulatory risk [2]. The compromise results in a state 
of compliance close to the GMP requirement, as if there is a 
constraint force that keeps the firm from drifting away.

To determine whether a firm is in compliance with GMP, 
the FDA conducts periodic inspections [13]. If an inspec-
tion uncovers GMP violations, the inspector will write them 
up with a Form 483 to put the firm on notice [14]. If the 
violations are deemed to have high product safety risk, the 
FDA will issue the firm a Warning Letter that can result in 
significant financial damage to the firm [15–17]. 

Between inspections and in the absence of regulatory 
action, a firm tends to become less vigilant about compli-
ance, either due to the business pressure to cut cost or the 
human nature of complacency [18, 19]. The firm still feels 
the compliance risk, just not as acutely as at the time of 
inspection or when receiving a regulatory action. Not all 
firms behave this way, but many do.

The FDA regulates thousands of pharmaceutical manu-
facturing firms worldwide. Inspecting all of them periodi-
cally is time and resource consuming. To make each inspec-
tion more effective for the entire industry, the FDA makes 
some inspection findings available, and others can be found 
via the Freedom of Information Act [20], and publishes all 
the Warning Letters [21]. This regulatory transparency also 
puts the regulator’s own action under public scrutiny, help-
ing limit inconsistency in regulatory actions.

Strictly speaking, quality risk is not the same as compli-
ance risk, although they are related. For simplicity, they are 
treated as the same in present work, unless noted otherwise, 
and only compliance risk is considered hereafter. Also, a 
GMP inspection, or a 483 Form, is not an official regulatory 
action like a Warning Letter. Again, for simplicity, the pre-
sent work does not make such a distinction, and the phrase 
of regulatory action may refer to anyone of them hereafter.

Regulation and Industrial Engineering

Industrial engineering is a scientific discipline that concerns 
with the optimization of complex processes, systems or organi-
zations in terms of efficiency, cost and quality [22]. The GMP 
regulation is industrial scale, affecting thousands of manufac-
turing firms and suppliers, and the healthcare of hundreds of 
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millions of patients. Therefore, for the industry and the FDA, 
it is important for the regulation to be as effective as possible.

The present work chooses efficiency, cost and quality to 
measure regulatory effectiveness. Efficiency is a measure of 
whether a regulatory action can make a bigger and quicker 
impact; cost is the resources required by regulatory actions; 
and quality is a measure of consistency of the impact of reg-
ulatory actions. These three concepts by no means constitute 
a complete characterization of regulatory effectiveness [23], 
but do provide quantitative measures of typical regulatory 
actions and compliance behaviors, as shown in present work.

Joint Effort of the FDA and Industry

The FDA not only punishes poorly compliant firms, but also 
encourages and helps firms to raise their level of compli-
ance. Many firms voluntarily go beyond the GMP to ensure 
product quality and to minimize GMP compliance risk. In 
this regard, the FDA and industry are well aligned in the 
common goal for assuring patient access of safe products. 
Unfortunately, drug quality problems do occur from time 
to time, and from firms that are brand and generic, large 
and small, domestic and overseas. While such firms rep-
resent only a minority of the industry, they are the focus 
of the FDA’s GMP compliance program, and the focus of 
the present work as well. Improving the effectiveness of the 
program is to identify these firms early and take regulatory 
actions pointedly.

Methodology – Theoretical Model

The objective is to establish a dynamic model to capture key 
characteristics of regulatory actions and compliance behav-
iors, and to allow quantitative measurement of regulatory 
effectiveness. The model is to only rely on the fundamental 
concepts and principles of regulation. The present work bor-
rows the terminology and methodology of physics, which 
provide a helpful abstraction for an otherwise complex regu-
latory compliance situation.

Dynamics of a Single Firm

A fundamental understanding in physics is that anything 
observable in daily life represents a stationary state, which 
in turn indicates the existence of a constraint force that keeps 
the state stationary. Using such an observable to characterize 
a firm’s state of compliance may seem overly simplified, as 
GMP consists of many technical and managerial require-
ments. For example, a firm may have a state of art facility, 
but its microbial control system may not be robust. In fact, 
how to characterize the complex nature of the state of com-
pliance with one or a few metrics is the topic of the quality 

metric and quality management maturity research [24–27]. 
Nonetheless, the regulator takes a yes or no approach in 
evaluating whether a firm is in compliance with GMP. In 
this regard, using a single observable to characterize the 
state of compliance is a reasonable start.

The constraint force is the interplay of two forces. One 
is to minimize manufacturing cost, and another is to min-
imize compliance risk for violation of a myriad of GMP 
requirements. For illustration purposes, the constraint force 
is assumed to be the derivative of a constraint potential. In 
reality, not all forces are derivatives, and not all potentials 
are derivable. While the simulation described in present 
work requires no such assumption, with the assumption, 
however, the constraint force can be conveniently visualized 
with three potentials (curves) in Fig. 1, where the horizontal 
axis denotes a measure of a firm’s state of compliance. The 
manufacturing cost potential forces the state to the left. The 
compliance risk potential forces the state to the right. The 
net effect is a constraint force that keeps the state near the 
minimum of the combined constraint potential.

In addition to the constraint force, which is determinis-
tic in nature, the state of compliance is affected by other 
factors [2]. For example, while a manufacturer may have a 
sound compliance management system in place, such a sys-
tem may not be in use consistently. To represent the impact 
of such factors, a random term is introduced, where random 
merely means that the details of the force are beyond scope 
of the present work.

The dynamics of a firm’s state of compliance is proposed 
to follow the equation:

Fig. 1  Illustration of the assumed potentials for the compliance risk 
force, the manufacturing cost force and the combined constraint force
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where x(t) denotes the time-dependent state of compliance, 
f (x, t) the constraint force, and �(t) the noise. This is a sim-
plest stochastic dynamic differential equation with a deter-
ministic term and a noise term.

The simplest form of f (x, t) that constrains x(t) to the fully 
compliant state xfc , while being a derivative of a potential, is 
a linear function:

where k(t) is independent of x , and U(x, t) is a quadratic func-
tion with a time-dependent coefficient. An implicit assump-
tion here may seem to be that the driving force to reduce 
manufacturing cost is the same as the force to reduce regula-
tory risk, as U(x, t) is symmetric to xfc . The reality is a little 
more complex than this, but the quadratic form in Eq. (2) 
remains intact even when the two competing forces change 
their relative strength. The symmetry of U(x, t) is actually 
determined by the linearity of the forces, not their relative 
strength, as discussed in the numerical simulation part of 
the present work.

With Eq. (2), Eq. (1) can be rewritten as:

The constraint force f (x, t) is linearly proportional to the 
deviation from xfc . This mathematical representation of pro-
portionality is a key assumption of present work. The dynam-
ics described by Eq. (3) is a generalized Ornstein-Uhlenbeck 
equation (whose coefficient of the linear term traditionally is 
a constant) with broad applications in physics, chemistry, biol-
ogy, engineering, finance and social studies [28, 29].

Equation (3) is a stochastic differential equation, so its solu-
tion is best represented by the probability distribution p(x, t) . 
For a general function k(t) , the analytical form of p(x, t) is not 
available. To gain insight into the nature of this dynamics, let’s 
make further simplifications.

If k(t) = k0 is a constant, and �(t) is white noise 
< 𝜉(t)𝜉

(

t�
)

>= 𝜎0
2𝛿(t − t�) , where �0 is a constant, p(x, t) 

takes the following analytic form for p(x, t = 0) = �(x − x0),

where the average x(t) = x0e
−k0t + xfc(1 − e−k0t) and 

x(t → ∞) = xfc,
a n d  t h e  va r i a n c e  �2(t) =

�0
2

2k0
(1 − e−2k0t)  a n d 

�2(t → ∞) =
�0

2

2k0
 [28, 29].

(1)
dx(t)

dt
= f (x, t) + �(t)

(2)
f (x, t) = −k(t)

(

x − xfc
)

= −
dU(x)

dx
, where U(x, t) =

1

2
k(t)(x − xfc)

2
,

(3)
dx(t)

dt
= −k(t)(x − xfc) + �(t).

(4)p(x, t) =
1

√

2��(t)
e−(x−x(t))

2
∕2�2(t),

Equation (4) show that, over time, x(t) approaches xfc , 
independent of its initial state x0 . The probability distri-
bution is Gaussian, centered on xfc . A larger k0 represents 
a stronger constraint force, a steeper potential curve and 
a narrower Gaussian distribution. �0 is a measure of the 
magnitude of noise. A large �0 leads to a broad Gaussian 
peak. As long as k(t) remains positive, the overall shape of 
U(x, t) is qualitatively similar to the dashed curve in Fig. 1, 
p(x, t → ∞) remains to be bell-shaped, and x(t) is very much 
constrained to xfc.

The Regress‑Wake Cycle

Firms tend to become less vigilant about compliance in the 
absence of regulatory action [17, 18]. This behavior is mod-
eled with a k(t) that regresses over time. A smaller k(t) rep-
resents a weaker constraint force, meaning the firm is more 
likely to deviate from xfc . The effect of a regulatory action is 
modeled with a sudden jump of k(t) , resulting in the firm’s 
heightened vigilance. After a while, the firm regresses again, 
starting a new regress-wake cycle. This regress-wake cycle 
of a firm’s compliance vigilance is typical in the pharma-
ceutical industry, and is a main reason for which the GMP 
regulation program exists. The dynamic details of the cycle 
can be conveniently modeled by using various forms of k(t) , 
as shown in the numerical simulation part of the present 
work. For instance, the consistency of regulatory actions can 
be modeled through the inconsistency of regulatory actions 
by introducing a random perturbation to k(t) . Please note that 
regulatory actions are directly applied to k(t) , not x(t) . This 
makes sense, as a regulatory action does not change a firm’s 
state of compliance overnight, but does reset its vigilance 
level. Over time, the heightened vigilance will raise the state 
of compliance, as x(t) is essentially a time-integration of k(t).

Dynamics of Multiple Firms

For an industry with N firms, each firm’s state of compli-
ance x(t) follows the dynamic equation in Eq. (3). In princi-
ple, the force coefficient for each firm can be dependent on 
all other firms. A general solution for such a complicated 
situation is beyond the scope of the present work. Instead, a 
practical approach is taken as follows.

The FDA doesn’t have the resources to inspect all 
firms at all times. It is therefore important to maximize 
the impact of each regulatory action on the entire industry. 
Suppose a firm receives a regulatory action, feels the pain, 
and becomes more vigilant about compliance risk. If the 
FDA keeps this information confidential, all other firms’ 
vigilances remain down. If the information is made public, 
other firms’ vigilances can be heightened but to a lesser 
degree than the firm that received a regulatory action [30]. 
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This is because other firms do not directly suffer the pain 
caused by the regulatory action, and don’t know all the 
violation details. A regulatory action, like a Warning Let-
ter, usually lists only a few compliance violations uncov-
ered during the inspection. Firms tend to become more 
vigilant about those violated compliance requirements. 
In the real world, words get around. For example, firms 
whose quality heads are friends of the quality head of the 
firm receiving the regulatory action, or friend firms, or 
simply friends, tend to know more about the violations and 
may become more vigilant than others. In present work, 
only the direct impact of a regulatory action to the firm 
and its circle of friends is considered. The secondary and 
higher order impacts of a friend to its own friends and 
friends’ friends are left for further studies.

This circle of friends approach is employed in present 
work to study the effect of transparency as follows. If the 
regulatory action details are kept strictly confidential to the 
receiving firm that has no friend, this corresponds to the case 
of complete lack of transparency. If the regulatory action is 
published with extensive and detailed information on the 
compliance violations along with both the firm’s and FDA’s 
take on the violations and suggested remedies, all firms ben-
efit. This corresponds to the case of total transparency. By 
gradually increasing the size of circle of friends from 0 to N
-1, one can systematically study the effects of transparency.

Measures of Regulatory Effectiveness

The average state of compliance for the industry x(t) is 
defined as the average over all firms’ x(t)s at time t  . The 
overall state of compliance ̄̄x is defined as the average of 
x(t) over the time of a simulation run. The standard devia-
tion � of ̄̄x is calculated over the same time.

The ultimate goal of compliance regulation is to keep 
the overall state of compliance ̄̄x above marginal compli-
ance xmc , and close to full compliance xfc . Therefore, the 
effectiveness of regulatory actions can be quantitatively 
measured by its impact to ̄̄x as follows.

(a) Efficiency: if regulatory actions lead to a higher 
increase of ̄̄x , the regulation is considered as more 
efficient.

(b) Cost: if less regulatory actions are needed to achieve 
the same increase of ̄̄x , the regulation is considered as 
more cost effective.

(c) Quality: if regulatory actions lead to a lower � , the 
regulation is considered having higher quality.

Summary

The proposed dynamic model has three levels.

• Level 1 is the state of compliance of a firm x(t).
• Level 2 is the constraint force that determines the dynam-

ics of x(t) , where the force coefficient k(t) is a measure 
of firm’s compliance vigilance.

• Level 3 is the constraint potential U(x, t) , which measures 
the trouble that a firm is potentially in when its vigilance 
is low.

The three fundamental principles of regulation, i.e. pro-
portionality, transparency and consistency are treated as 
input by the dynamic model as follows.

• Proportionality is built into the linear force k(t)(x − xfc).
• Transparency is introduced with the concept of circle of 

friends.
• Consistency is introduced through k(t) with random per-

turbation.

The measures of regulatory effectiveness, i.e. efficiency, 
cost and quality, are treated as output by the dynamic 
model, and can be quantitatively calculated based on ̄̄x and 
� . The present work is to show that the dynamic model can 
link the input to the output in a quantitatively predictable 
way to generate academically and programmatically mean-
ingful results.

Methodology – Numerical Simulation

Dynamics of a Single Firm

The constraint force coefficient k(t) in Eq. (3) is modeled 
as: k(t) = kcompl(t) + kcost for 0 ≤ x ≤ xmax , where xmax marks 
the point beyond which the compliance force is zero. After 
all, GMP is good practice, not perfect practice. kcompl(t) is 
the absolute value of the slope of the black compliance risk 
force line in Fig. 2, and is a measure of a firm’s compliance 
vigilance. kcost , a constant, is the absolute value of the slope 
of the black manufacturing cost force line. The effective 
range of x(t) in the simulation is between 0 and xmax . In 
this range, the constraint force is linear to x , as represented 
by the black dashed line, and its potential is quadratic, as 
represented by the black dashed curve in Fig. 2. The black 
dashed line intersects the x-axis at xfc , the force neutral 
point, and the minimum position of the constraint potential.

A straight line is always a derivative of a quadratic poten-
tial, and the superposition of two straight lines remains to be 
a straight line, regardless their slopes. This is why, as long 
as the compliance and cost forces are linear to x , their com-
bined constraint force remains linear to x , and its potential 
remains quadratic. However, a decrease of kcompl(t) , with kcost 
being a constant, will lead to the blue dashed line with a 
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smaller slope, pushing xfc to the left for x′
fc

 . This means a 
lowered compliance risk force pushes a firm to a less com-
pliant state.

Consider a regress-wake cycle. When a firm’s compliance 
vigilance is down, kcompl(t) is lower, and x′

fc
 becomes smaller,

and U(x, t) becomes flatter, as shown by the blue dashed 
curve in Fig. 2. Upon receiving a regulatory action, kcompl(t) 
is reset, which will drive x′fc back to xfc over time. Hence, the 
dynamics of a regress-wake cycle can be effectively charac-
terized by the dynamics of kcompl(t).

Simulation of the Regress‑Wake Cycle

A firm’s regress - wake cycle is simulated with a three-
phase approach as follows.

(5)x�
fc
= kcompl(t) ⋅ xmax∕

(

kcompl(t) + kcost
)

,

Phase 1 Regress:

where kcompl−f  represents a firm that is fully vigilant, 
kcompl−m = kcompl(t → ∞) represents a firm that is margin-
ally vigilant, and � is the regression time.

Phase 2 Wake: once a firm receives a regulatory action, 
its kcompl(t) is restored to kcompl−f  , which drives x(t) toward 
the fully compliant state xfc over time.

Phase 3 Stay elevated: kcompl(t) remains elevated at 
kcompl−f  over time televated , before the next round of regres-
sion starts.

The introduction of televated is in agreement with conven-
tional wisdom that a firm will stay highly vigilant for com-
pliance for a while, for example, after receiving a Warning 
Letter, as it takes time to close out a Warning Letter.

Simulation of the Inconsistency of Regulatory Actions

Consistency is the opposite of inconsistency, which is 
easier to model by introducing a random perturbation. If 
the outcome of regulatory actions depends on inconsist-
ency, it depends on consistency as well, just in the oppo-
site direction. For this reason, consistency is studied via 
inconsistency in present work.

Inconsistency of regulatory actions is introduced by 
modifying the restoration of kcompl(t) . Ideally, a regulatory 
action restores kcompl(t) to kcompl−f  . In reality, a regulatory 
action may be heavier or lighter than it needs to be, and 
can be modeled at the time of regulatory action ( t=0) :

where U[−�, �] is a random function that returns a ran-
dom value between [−�, �] with equal probability, with 
0 ≤ � ≤ 1 . An extreme case is when U[−1,1] returns 1, 
kcompl(0) = 2kcompl−f − kcompl−m > kcompl−f  ,  r e p r e s e n t -
ing that the firm becomes more vigilant than regulatory 
required. Another extreme case is when U[−1,1] returns 
− 1, kcompl(0) = kcompl−m , representing that the firm remains 
marginally vigilant, as if there is no regulatory action taken. 
A closer examination shows the situation is more complex. If 
at the time of a regulatory action, kcompl(t) has not regressed 
to kcompl−m,U[−1,1] = -1 sets kcompl(t)=kcompl−m . This is a case 
where the firm is “encouraged” by light regulatory punish-
ment, and becomes even less vigilant.

To characterize this effect, Eq.  (6) is modified as 
follows,

(6)kcompl(t) = (kcompl−f − kcompl−m) ⋅ e
−(t∕�) + kcompl−m,

(7)kcompl(0) = kcompl−f + U[−�, �] ⋅
(

kcompl−f − kcompl−m
)

,

(8)kcompl(t) =
(

kcompl(0) − kcompl−m
)

⋅ e−(t∕�) + kcompl−m,

Fig. 2  Illustration of the assumed constraint potential and its derived forces 
for compliance risk and manufacturing cost. The black lines and curves 
correspond to the state of full compliance. The blue lines and curves cor-
respond to a state of regressed compliance. The dashed curves and lines 
correspond to the combined constraint potential and its derived forces. The 
intersection points of the dashed lines with the x-axis are marked by xfc and 
x′
fc
 . The effective simulation range is between 0 and xmax
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Dynamics of Multiple Firms After a Single 
Regulatory Action

Consider N firms, each independently follows Eqs. (6–8). 
For simplicity, all firms are assumed to share the same 
kcompl−f  , kcompl−m , � and televated . Once a firm receives a regu-
latory action at time t , its influence on other firms is mod-
eled as follows.

Self: kcompl(t) is set to kcompl(0) as in Eq. (7).
Friends: kcompl(t) is set to max(� ⋅ kcompl(0), kcompl−m) to 
ensure a regulatory action never takes a firm to a state of 
less than marginal vigilance.
Others: kcompl(t) is not affected.

The number of friends is denoted by �(N − 1) (rounded 
up to the nearest integer), with 0 ≤ � ≤ 1 , representing the 
percentage of friends among all firms. � is a measure of a 
firm’s influence on its friends. Others are firms who are not 
influenced by the regulatory action. By varying the values 
of � and � , the impact of transparency to regulatory actions 
can be systematically studied.

The tricky part is, for a given � , to find �(N − 1) and only 
�(N − 1) friends for each firm. In general, such a perfect solu-
tion may not exist. A less perfect solution is that most firms have 
more or less �(N − 1) friends. The present work uses an algo-
rithm that randomly generates a symmetric N by N matrix (with 
the diagonal elements set to 0, meaning a firm is not its own 
friend) of numbers of 0 and 1, with the probability of 1-� and � 
respectively [31]. If element ( i, j ) is 1, firms i and j are friends. 
This way, the sum of ith row or jth column gives the number 
of friends for firms i and j . For instance, for N=100, �=0.1, a 
rounded up �(N − 1) is 10, using the algorithm, the probability 
of finding a perfect solution that each firm has exactly 10 friends 
is less than  10−88. After running the algorithm 1000 times, the 
best run gives the smallest friend circle at 5 and the largest at 15,  
which is 10 ± 5. To find a better solution, many more runs are 
needed. For instances, at least  106 runs are needed for 10 ± 4,  

at least  1012 runs for 10 ± 3, and it is not even known such solu-
tions actually exist. Please note the concept of circle of friends 
is meant to be an approximate, not the exact representation of 
the reality, as it is highly unlikely that each firm has exact the 
same number of friends. The size of a circle of friends should 
be understood as the average size of all circles. This means that 
some have more or less friends than others, within the range 
of �(N − 1) ± �± , with �(N − 1) as the average, and �± as the 
ranges on the plus and minus sides. The circle sizes used for 
simulations in present work are listed in Table 1, where [ �∙99] 
represents the nearest round off integer.

Dynamics of Multiple Firms After Concurrent 
Regulatory Actions

Consider a situation where more than one regulatory actions 
hit several firms at the same time, but no firm receives more 
than one regulatory actions. Each firm has its own circle of 
friends, and all circles have the same size. If a firm is friend 
with several firms receiving concurrent regulatory actions, 
it’s dynamics is the same as if it has only one friend, mean-
ing no additive effect from multiple friends.

Pseudo Simulation Code

The pseudo code for numerical simulation is shown as 
follows.

regulatory

Table 1  The sizes and ranges 
of circle of friends used in 
simulation

� [� ⋅ 99] �− �+

0.00 0 0 0
0.03 3 3 3
0.05 5 4 4
0.10 10 5 5
0.25 25 8 7
0.50 50 9 9
0.75 74 7 7
1.00 99 0 0
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Each simulation is repeated 20 times, unless otherwise 
noted. The averages of ̄̄x and � calculated over the 20 runs 
are used as the overall state of compliance and its standard 
deviation for further analysis. For each run, the initial states 
of compliance of all firms are randomly and uniformly dis-
tributed between 0 and xmax , and the initial constraint force 
is set to kcompl−f + kcost . For each regulatory action, a firm 
is randomly picked from all firms with equal probability.

All simulations are programmed with MATLAB R2022b 
on a ThinkPad T14 Gen 1 with an Intel Core i5. A typical 
set of 20 simulation runs with 100 firms over 10000 time 
steps takes 10 s.

Parameters and Variables for Simulation

Parameters and variables used in simulation are listed in 
Table 2.

Results

The Regress ‑ Wake Cycle

To visualize a three-phase regress-wake cycle, an illustra-
tive simulation is set up as follows. T=200, n=1, �=0.5, �
=0, and other parameters and variable are listed in Table 2. 
The regulatory action is on Firm 1. The trajectories of x(t) 
of all firms in a simulation run are shown in Fig. 3.

Phase 1: Between 0 and t1 , the dynamics of k(t) s for 
all firms follows Eq. (6) to regress to marginal vigilance 

kcompl−m + kcost , and all x(t) s regress to marginal compli-
ance xmc=20.

Phase 2: At t1 , Firm 1’s kcompl
(

t1
)

 is restored to kcompl−f  , 
and its 50 friends’ kcompl

(

t1
)

 s are set to � ⋅ kcompl−f  . The 
kcompl

(

t1
)

 s of others are unchanged.
Phase 3: For Firm 1, kcompl(t) remains elevated at kcompl−f  

till t2 , and kcompl−f + kcost drives x(t) to full compliance at xfc
=50, and keeps it there till t2 . For Firm 1’s 50 friends, the 
restraint force remains elevated at � ⋅ kcompl−f + kcost till t2 , 
and drives x(t) to the sub-full compliance state at xfriends=41, 
determined by Eq. (5) with kcompl(t) replaced with � ⋅ kcompl−f  
and keeps them there till t2 . The time between t1 and t2 is 
televated=60. The other 49 firms stay marginally vigilant with 
k(t) ≈ kcompl−m + kcost , and x(t)≈xmc=20.

After t2 , the dynamics of x(t) s essentially repeats Phase 1. 
Due to the noise term in Eq. (3), the trajectories of x(t) s show 
a degree of randomness. By the time of t3 , nearly all the firms 
are back to the state of marginal compliance xmc=20. Figure 3 
shows that a single regulatory action will improve a firm’s 
compliance for a while, and its friends’ compliance to a less 
degree, while having no impact on other firms.

Effects of Transparency on Regulatory Effectiveness

The fundamental question to address here is how transpar-
ency can affect regulatory effectiveness, and the practical 
questions to address here are: to reach a targeted level of the 
overall compliance of the industry, how frequent and how 
broad should the regulatory actions be taken, and how do the 
answers depend on transparency. 

Table 2  The setup parameters 
and variables used in simulation

Parameter Symbol Value

Number of firms N 100
Manufacturing cost force coefficient kcost 0.1
Compliance risk force coefficient when fully vigilant kcompl−f 0.1
Compliance risk force coefficient when marginally vigilant kcompl−m 0.025
Magnitude of noise �

0
0.5

Maximum value of the state of compliance xmax 100
Influence to friends � 0.7

Regression time � 10
Time for kcompl(t) to remain Elevated televated 60

Variable Symbol Value

Time length for a single simulation run T 200, 1000, 10000
Regulatory action interval tinterval [1, 10000]
Regulatory action concurrency n [1, 100]
Percentage of friends � [0,1]
Magnitude of inconsistency � [0,1]
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(a) Sequential Regulatory Actions
  By shortening the interval of regulatory actions, or 

equivalently increasing the frequency of regulatory 
actions, both x(t) and ̄̄x can be raised. To visualize, an 
illustrative simulation is set up similarly to Fig. 3, but 
with repeated regulatory actions with an interval tinterval
=70 and T=1000. The trajectories of all 100 firms are 
shown in Fig. 4, where x(t) is represented by the black 
solid curve in the middle, and ̄̄x is represented by the 
nearby yellow dashed line. The single blue trajectory 
at the top represents x(t) of the firm that received the 
nearest regulatory action in time, and it may represent 
different firms in different cycles, as the receiving firm 
for each regulatory action is randomly picked. This tra-

jectory stays mostly near xfc=50, because tinterval=70 
is just a bit longer than televated=60, meaning when a 
firm’s elevated kcompl(t) is fully regressed, another firm 
(can be the same) is hit with the next regulatory action. 
A similar pattern is seen for the trajectories of friends. 
Again, the friends may vary from one cycle to next, but 
their total number is always 50, in the sense as defined 
in Table 1. At any given time, for the most part, there 
is one firm stays close to xfc=50, 50 firms stay close to 
xfriends=41, according to Eq. (5), and 49 firms stay close 
to xmc=20, for averages x(t)≈ ̄̄x=31. With an increas-
ing interval of regulatory actions, more firms will 
likely be near 20 than 50, leading to lower averages of 
x(t) and  ̄̄x . This observation is in agreement with con-
ventional wisdom that less frequent regulatory actions 
tend to lead to lower overall compliance. For instance, 
during the Covid-19 pandemic, the FDA conducted 
significant less overseas inspections, attributing to the  
lower GMP compliance of the overseas firms [32].

  The setup of the full simulation is as follows: T
=10,000, n=1,�=0, with the rest of parameters as listed 
in Table 2. The dependency of the overall state of com-
pliance on the regulatory action interval and transpar-
ency is shown in Fig. 5.

  An intrinsic measure for the interval of regulatory 
actions is the elevated time televated=60, during which the 
action receiving firm remains mostly at xfc and its friends 
at xfriends . For intervals shorter than televated , regulatory 
actions essentially keep the receiving firms and their 
friends at xfc=50 and xfriends=41. For intervals longer 
than televated , the receiving firms and their friends spend 
partial time at xmc =20, resulting in lowered x(t) and ̄̄x , 
as shown in Fig. 5(a). A larger � means more firms at 
xfriends , hence higher ̄̄x . The most pronounced transition 

Fig. 3  The regress-wake cycle seen from the time-trajectories of 100 
firms in a simulation run. Firm 1 represents the firm receiving a regu-
latory action at time t

1

Fig. 4  The regress-wake cycles 
seen from the time-trajectories 
of 100 firms in a simulation run 
with repeated regulatory actions
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occurs at the interval of 60 for �=1.0, corresponding to 
complete transparency. In this case, all firms move in 
sync.

  This transition is even more pronounced in Fig. 5(b), 
where dependency of � on tinterval and � is shown. For ̄̄x  
to be a meaningful, � must be small relative to ̄̄x . This is 
indeed true for short intervals. For instance, for �=1.0 
and tinterval=20, 𝜎∕ ̄̄x≈0.6%. For long intervals, such as 
tinterval=200, the ratio can be as high as 33%, which, 
while still showing more signal than noise, suggests the 
quantitative prediction of ̄̄x is only moderately reliable.

  The effect of transparency on efficiency can be seen 
as follows. In Fig. 5(a), a general trend is that for a 
given tinterval , a larger � leads to a higher ̄̄x . For tinterval
=100, a closer look of this relationship shows this is 
indeed true. For instance, an increase of � from 0.25 
to 0.75 leads to approximately a 32% increase of the 

overall state of compliance, as shown in Fig. 6(a). This 
result suggests that increasing transparency is effective 
in increasing regulatory efficiency.

  The effect of transparency on cost can be seen as 
follows. In Fig. 5(a), a general trend is that for a target 
̄̄x , a larger � leads to a longer tinterval . For ̄̄x=40, a closer 
look of this relationship shows this is indeed true. For 
instance, an increase of � from 0.25 to 0.75, leads to an 
approximately 370% increase of the regulatory action 
interval, as shown in Fig. 6(b). If each regulatory action 
carries a fixed cost, this translates to a 79% cost reduc-
tion. This result suggests that increasing transparency 
is effective in saving regulatory cost.

(b) Concurrent Regulatory Actions
  Regulatory actions can take place sequentially, 

concurrently or a combination of both. Up to now, 
discussions are mostly about sequential actions. Let 

Fig. 5  a The dependency of 
the overall state of compliance 
̄̄x on the interval of regulatory 
actions tinterval and transpar-
ency � . b The dependency of 
the noise to signal ratio of the 
overall state of compliance 𝜎∕ ̄̄x 
on the interval of regulatory 
actions tinterval and transpar-
ency �
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n(n ≤ N) denote the number of regulatory actions 
that take place at a time. The simulation setup is 
similar to that in Fig.  5, except tinterval=60. The 
dependency of the overall state of compliance 

on concurrency n and transparency � is shown in 
Fig. 7(a).

  As expected from conventional wisdom, more con-
current regulatory actions or great transparency lead 

Fig. 6  a The dependency of 
the overall state of compliance 
̄̄x on transparency � . b The 
dependency of the interval of 
regulatory actions tinterval on 
transparency �

Fig. 7  a The dependency of the 
overall state of compliance ̄̄x on 
the concurrency of regulatory 
actions n and transparency � . 
b The dependency of the noise 
to signal ratio of the overall 
state of compliance 𝜎∕ ̄̄x on 
the concurrency of regulatory 
actions n and transparency �
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to higher overall state of compliance. The two straight-
lines correspond to the cases that no firm has any friend 
or complete lack of transparency, and each firm reacts 
to the regulatory actions independently, or all firms 
are friends to one another or total transparency, and 
all move together. The use of ̄̄x to represent the over-
all state of compliance is meaningful in that its noise 
to signal ratio is generally low, less than 5%, over the 
entire range of n from 1 to 100, as shown in Fig. 7(b).

  The effect of transparency on efficiency can be seen 
as follows. Take n =2 in Fig. 7(a), the positive depend-
ency of ̄̄x on � is shown in Fig. 8(a). For instance, an 
increase of � from 0.25 to 0.75 leads to approximately 
33% increase of ̄̄x . This result further suggests that 
increasing transparency is effective in increasing regu-
latory efficiency.

  The effect of transparency on cost can be seen as 
follows. For ̄̄x=40 in Fig. 7(a), the negative depend-
ency of n on � is shown in Fig. 8(b). For instance, an 
increase of � from 0.25 to 0.75 leads to a decrease of 
concurrency from 6 to 2, approximately 67% reduc-
tion. If each regulatory action carries the same cost, 
this translates to a 67% cost reduction. This results fur-
ther suggest that increasing transparency is effective in 
saving regulatory cost.

(c) Sequential vs. Concurrent
  More regulatory actions lead to higher overall state 

of compliance, as shown in Figs. 5 and 7, but also 
higher cost. More regulatory actions can be achieved 
by increasing their frequency, concurrency or a combi-
nation of both. If the cost for each regulatory action is 
the same, the total cost is proportional to the number of 
regulatory actions nactions . Let ntimes denote the number 
of times that regulatory actions take place during the 
simulation time T  , nactions = n ⋅ ntimes.

  A natural question arises as follows. For given T  and 
nactions , which approach produces a higher overall com-
pliance, increasing n and decreasing ntimes , or decreas-
ing n and increasing ntimes ? In practical terms, this is 
equivalent to: for a fixed budget and time, which is 
more productive, increasing frequency or concurrency? 
The answer is increasing frequency, as shown in Fig. 9. 
The setup for this simulation is �=0.5, �=0.0, and other 
parameters are listed in Table 2.

  For a given budget nactions , as concurrency  n 
increases, the overall state of compliance ̄̄x decreases, 
as shown in Fig. 9(a). For instance, take nactions=300, 
when n increases from 1 to 5, ̄̄x decreases from 37 to 
29, a drop for nearly 22%. This dependency is true for 
a moderate budget. For the highest budget of nactions
=1000 and n=5, ntimes=200 and tinterval=50, shorter  
than televated=60. Five firms are hit with regulatory 
actions within the regress-wake cycle time, and nearly 
all the firms stay compliant at ̄̄x ≈41. For the low-
est budget of nactions=10 and n=5, ntimes =2 and tinterval
=5000, much longer than televated=60. Five firms 
are hit with regulatory actions approximately every  
83 regress-wake cycles, and nearly all the firms  
stay marginally compliant at ̄̄x=20. The use of ̄̄x to rep-
resent the overall state of compliance is meaningful in 
that its noise to signal ratio is generally low, less than 
33%, as shown in Fig. 9(b). For modest concurrency 
nactions=100 to 300, a larger n tends to lead to a larger 
noise to signal ratio. For the two extreme cases, where 
nactions=10 and 1000, the ratios are not only low, less  
than 15% and 2% respectively, but also hardly depend-
ent on n.

  These results suggest that for a very large or very 
small budget, increasing frequency or concurrency 
of regulatory actions makes little difference, but for a 

Fig. 8  a The dependency of 
the overall state of compliance 
̄̄x on transparency � . b The 
dependency of the concurrency 
of regulatory actions n on trans-
parency �
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moderate budget, increasing frequency is more produc-
tive than increasing concurrency. This is in agreement 
with conventional wisdom that a steady regulation is 
better than a loose one with occasional bursts of tight-
ening campaigns.

Effects of Consistency and Transparency

The fundamental question to address here is how consist-
ency affects regulatory effectiveness [33], and the practical 
questions to address here are: how does consistency affect 
the overall state of compliance, and how does the answer 
depend on transparency?

To visualize, consider an illustration simulation run with 
a similar setup to Fig. 4, except �=0.5. The trajectories of 
all 100 firms are shown in Fig. 10, where x(t) is represented 
by the black solid curve in the middle, and ̄̄x is represented 
by the nearby yellow dashed line. The single blue trajectory 
at the top represents x(t) of the firm that received the nearest 

regulatory action in time, but unlike in Fig. 4, this trajectory  
no longer stays near xfc=50. Instead, it randomly oscil-
lates up and down around 50. A similar up and down pattern  
is seen from the trajectories of friends.

The random oscillating trajectories are the result of the 
inconsistency of regulatory actions and upon receiving a 
regulatory action, that a firm’s kcompl(t) is no longer restored 
to kcompl−f  , but to a random value whose distribution is cen-
tered on kcompl−f  . Its friends are affected accordingly. The 
magnitude of oscillation is controlled by � in Eqs. (7) and (8).

The dependency of the overall state of compliance ̄̄x on  
inconsistency � and transparency � is shown in Fig.  11,   
with a setup of T = 10, 000, tinterval = 60 and n = 1 . Incon-
sistency has little impact to the overall state of compliance, as 
shown in Fig. 11(a), but has significant impact to the standard 
deviation � . For a given value of � , 𝜎∕ ̄̄x positively depends on 
� . For instance, for �=0.5, when � increases from 0.25 to 0.75, 
the noise to signal ratio 𝜎∕ ̄̄x jumps from 7 to 11%, an increase 
of 57%. This result suggests that transparency has an amplifying 

Fig. 9  a The dependency of the 
overall state of compliance ̄̄x on 
the concurrency of regulatory 
actions n . b The dependency of 
the noise to signal ratio of the 
overall state of compliance 𝜎∕ ̄̄x 
on the concurrency of regula-
tory actions n

Fig. 10  The regress-wake cycles 
seen from the time-trajectories 
of 100 firms in a simulation 
run with repeated regulatory 
actions, with inconsistency �
=0.5
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effect on inconsistency, in agreement with conventional wisdom 
that well-publicized ad hoc regulation leads to uneven industry 
compliance.

A larger 𝜎∕ ̄̄x indicates ̄̄x is less representative of the over-
all state of compliance, as there are more firms with higher 
and lower compliance than ̄̄x at times, the former is fine with 
the FDA, while the latter is not what the FDA wants to see. 
In this regard, the quality of regulatory action is adversely 
impacted by inconsistency.

These results suggest that regulatory consistency is impor-
tant to achieve high quality outcome from regulatory actions, 
and the effect of poor consistency is amplified by transparency.

Discussion and Conclusion

Fundamentals of Regulatory Science

The present work proposes proportionality, transparency and 
consistency as fundamental concepts of regulatory science, 
improving regulatory effectiveness as a major purpose of 
regulatory science, and efficiency, cost and quality as basic 
measures for regulatory effectiveness. By introducing a 
dynamic model and focusing on the GMP compliance regu-
lation, the present work has established quantitative rela-
tionships between the fundamental concepts and the basic 
measures, and their programmatic implications.

Theoretical Modeling

The state of compliance x(t) is proposed as a key variable to 
characterize a firm’s state of compliance. Its average over 
an ensemble of firms x(t) represents the state of compliance 
of industry. The average of x(t) over time ̄̄x represents the 
overall state of compliance. The “ x(t) → x(t) → ̄̄x ” triplet 
provides a detailed characterization of the compliance state.

The dynamics of x(t) is proposed to follow a generalized 
Ornstein-Uhlenbeck stochastic equation with a linear con-
straint force −k(t)

(

x − xfc
)

derived from a quadratic potential 

U(x, t) that represents a myriad of GMP rules. Coefficient 
k(t) represents compliance vigilance and the mechanism of 
the dynamic model. The “ x(t) → k(t) → U(x, t) ” triplet rep-
resents the depth of the theoretical model. Linearity is the 
model’s built-in feature for proportionality.

The regress-wake cycle is proposed as a key character-
istics of the dynamics for both x(t) and k(t) . The regression 
of k(t) is empirically modeled with an exponential function 
e−(t∕�) for simplicity. The concept of circle of friends is pro-
posed to model the influence among firms, and transparency. 
A regulatory action is assumed to only affects its receiving 
firm, which in turn affects its friends. No friend’s impact on 
friends is included. Moreover, all firms are treated equal, all 
have the same number of friends and the same influence to 
friends. These assumptions are not expected to change the 
main conclusions in present work [34], because the setup of 
circle of friends is often not perfect, and a mixture of circles 
of varying sizes has to be used anyway.

The concept of regulatory action in present work is an 
abstract one, covering GMP inspection, Form 483, Unti-
tled Letter, Import Alert, Warning Letter, and legal actions. 
Strictly speaking, an inspection is not a regulatory action, 
but does remind a firm staying vigilant to compliance.

Compliance and quality are related but not the same. The 
state of compliance is related to but not the same as the state 
of quality. Moreover, while the state of compliance in present 
work is a scaler, the dynamic model allows extension to a vec-
tor to include, for example, output from the quality metrics 
and quality management maturity [24–27]. Vectorization is not 
expected to qualitatively alter the findings in present work, as 
long as the constraint force consists of a gradient of U(�⃗x, t) and 
an orthogonal component [35]. Such a component is likely to 
enrich the model, but is beyond the scope of the present work.

While the dynamic model is based on the fundamental 
concepts of proportionality, transparency and consistency, 
it is empirical in nature. Its validation can only come from 
its agreement with conventional wisdom and its program-
matic usefulness. The established relationships between the 
fundamental concepts and the basic regulatory effectiveness 

Fig. 11  a The dependency of 
the overall state of compliance ̄̄x 
on inconsistency � and transpar-
ency � . b The dependency of 
the noise to signal ratio of the 
overall state of compliance 𝜎∕ ̄̄x 
on inconsistency � and transpar-
ency �
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measures, and the programmatic implications can be consid-
ered as a partial validation of the model.

Numerical Simulation

A perfect solution for setting up circles of friends so that 
each firm has the same number of friends may not exist. 
One can set a target range, and keep looking for a solution, 
or set the run time of an algorithm and pick the best solu-
tion found during the run. The present work uses the latter 
approach. A better algorithm may find better solutions, but 
is not expected to produces qualitatively different results.

Given the multi-parameter and multi-variable setup for 
each simulation, the present work only explored a small por-
tion of all parameter and variable combinations, which are 
chosen to illustrate certain effects, but are not optimized 
to do so. In this regard, the present work should be viewed 
as an illustration of the capabilities of the dynamic model, 
as opposed to a faithful simulation of real-world situations.

Suggestions to FDA

Policy Suggestion

• Consider publication of the 483’s together with firms’ 
responses, or even requiring firms to provide redacted 
483’s and responses to improve regulatory transparency.

Operation Suggestion

• Spread inspections over time, as opposed to making mul-
tiple inspections over a short period of time, other con-
siderations notwithstanding, such as inspecting multiple 
firms during one overseas trip for cost saving.

Quality Management Maturity

• Associate the quality management maturity with � , televated , 
kcompl−f  and kcompl−m , as in Table 2, the main characteristics 
of a firm's compliance resilience can be derived from its 
past compliance record. Doing so enables the encoding of 
the actual quality management maturity into the dynamics 
of the compliance state for each individual firm.

• Expand the concept and practice of circle of friends by 
experimenting various schemes. For instances, geographi-
cal proximity, product similarity and supply-chain depend-
ency can be used to construct a more realistic set of circles 
of friends.

• Design optimal algorithms to select firms to inspect in 
order to achieve maximum impact on the overall compli-
ance state of a chosen set of firms.

• Compare the simulation results with the actual inspection out-
come as a way to validate and improve the dynamic model.

• Build “a first principle based” data-driven dynamic 
model to track and to interact with the compliance state 
for individual firms, for any subset of the firms, or for 
the entire industry.

The proposed dynamic model allows the FDA use its 
unique wealth of product and compliance data to build a 
comprehensive decision-support model to monitor the com-
pliance dynamics of all firms, and use the new data gen-
erated from the ongoing compliance operation for model 
validation and improvement [13]. Such a model may help 
to address the ultimate questions like: what is the current  
state of manufacturing quality of the pharmaceutical indus-
try, is it improving or worsening, and how to improve [7]?

The source code of the MATLAB programs used in pre-
sent work is available to regulatory agencies upon request 
(zhengqiang@pku.edu.cn).
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